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INTRODUCTION 
The purpose of this report is to present an adequate underlying theoretical 
statistical distribution t o  represent worldwide cloud cover. Cloud cover is obviously very 
important in all earth-space experiments and much work has been performed in 
developing empirical global cloud cover models [ 1 ,  2, 3,  41. In these studies the earth’s 
surface has been divided into 29 regions, as shown by Figure 1.  Meteorologists have 
chosen these regions to  have homogeneous cloud-cover distributions. Conventional and 
satellite cloud-cover data were collected to establish that the regions were representative 
homogeneous cloud climatologicai regions. Five cloud-cover categories have been 
designated, as shown in Table 1. The corresponding ratios of cloud cover for each 
category are given in tenths of cloud cover. 
TABLE 1. CLOUD CATEGORY DESIGNATION 
It is obvious that “amount of cloud cover” may be considered a continuous 
variable in the interval (0, 100 percent). In practice, when a continuous variable is 
sampled, the variable is “discretized,” that is, it is not possible to  collect an infinite 
sample of a continuous variable. Therefore, some appropriate class interval is chosen to  
classify the data. The length of this class interval should be chosen in such a manner to 
preserve the attributes of the population being sampled as far as possible and to be 
representative of the population but to reduce the amount of data so that they can be 
analyzed efficiently. The five cloud-cover categories given in Table 1 should be considered 
0 0 0 0 0 
0 0 
O c u  t O 0 C u  e 
2 
c 
Regions Geographical Location 
02, 04, 08, 11, 18, 19 United States 
03 Brazil 
16 Central America 
25 South America, Australia 
28 Australia 
L 
from this point of view. Although the categories are discrete (x  = 1 ,  2, 3, 4, 5 ) ,  they 
may be viewed 2s the midpnints of class intervals for the continuous variable described as 
‘‘amount or tenths of cloud cover.” 
For this theoretical study 10 regions were selected which are of interest to 
NASA’s Skylab program. These regions and their general geographical area are given in 
Table 2. 
Because diurnal and monthly cloud-cover variations are important in most of the 
29 regions, the data were subdivided into distributions for each month and for 3-hr 
intervals through the day. The beta distribution is given to represent the variation in 
cloud cover for the representative regions listed in Table 2. 
STAT I ST IC AL MOD E L 
An inspection of the empirical cloud-cover frequency curves [ 1, 21 shows the 
distributions whose shapes vary from U-shaped through transitional J shapes to 
bell-shaped distributions. The assumption was made [ 1, 21 that the weather observer can 
accurately record cloud-cover observations up to 27.80 km ( 1  5 n.mi.) i.e., the cloud cover 
data are for a circle whose diameter is 55.60 km (30 mi) with the station at the center. 
Consequently, the statistical inferences presented in this report apply only to a circle 
whose diameter is 55.60 km (30 mi) for the respective regions. Extensions to larger areas 
will be discussed later in this report. 
A continuous distribution whose density function may assume all the shapes just 
described for cloud cover is the beta distribution. The beta distribution allows one to 
J 
3 
represent a wide variety of distributional shapes for physical variables such as cloud cover 
whose values are limited to a finite interval. The generalized beta probability' density 
function that covers the interval ( p o  , p1 ) is 
This form of the distribution is unwieldy and may be transformed to  a beta 
variate over the interval (0, 1)  by making the transformation, 
The probability density function (1 ) now becomes 
This is the form of the distribution used in this study. The shape of the density function 
depends upon the magnitude of the distribution's two parameters r~ and y . Plots of beta 
distributions for various combinations of the two parameters are shown in Figure 2. Note 
that 
1.  When 7 > 1 and g > 1, the distribution has one peak. 
2. When 7 < 1 and 77 < 1,  the distribution is U-shaped. 
3. When 7 < 1 and g 2 1,  the distribution is reverse J-shaped and 
when g < 1 and y 2 1 , it is J-shaped. 
4. When y = g , the distribution is symmetrical. The special case, y = TI = 1 , 
is the rectangular distribution. 
The parameters 7 and g are shape parameters as both affect the distribution shape. 
c 
. 
2.5 
2.0 
4 g 1.5 
1 .o 
0 
X 
a-o r r ) = 5  
2.6 r = 5  
2.0 
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1;igure 2.  Beta distributions with different parameter values. 
The cumulative beta distribution, 
is known as the incomplete beta function and is tabulated in Reference 5 .  F(x) gives the 
probability of obtaining a value of x less than or equal to  some particular value of x . ~ 
Maximum-likelihood estimates of the parameters of the beta distribution are 
difficult to obtain. Using the method of moments for estimation, we have 
- 
(1 - x )  - 
[ X ( l  - x) - s2 ] 7)* = ~ 
S2 (4) 
5 
and 
where Z and s2 are the sample mean and the sample variance, respectively. 
ANALYSIS 
For this study the 10 cloud regions given in Table 2 were analyzed for the 
months of January, April, July, and October. These four months may be considered to 
be representative of the annual changes in the cloud distributions in the earth’s 
atmosphere. For each of these months the satellite cloud data, along with the cloud-cover 
data for hours 4, 10, and 16, were considered. These hours are likely selections for hours 
of the day that are significantly different over the 24-hr period, Le., diurnal effects will 
be reflected in this choice of hours. Summaries for the regions that encompass the United 
States (02, 04, 08, 11, 18, and 19) are presented in Appendix A as Tables A-1 through 
A-96. Cloud regions 03, 16, 25, and 28 for other areas of the earth’s surface were also 
analyzed but are not included here because of space limitations. 
The notations used in Appendix A are as follows: 
x = the cloud-cover category. 
fo = the observed frequency for cloud-category x . 
Fo = the observed distribution function. 
fE = the expected frequencies using the beta distribution. 
F(x) = the beta-distribution function. 
6 
x = the sample mean. 
s2 = the sample variance. 
q*,  r *  = the parameter estimators of the beta distribution. 
D, = the tabulated Kolmogorov-Smirnov statistic for rejection level CY = 0.05 
IFo - F(x)l = the maximum absolute difference between the observed 
distribution function and the beta-distribution function. 
6 
Sample sizes for the 29 cloud regions (Fig. 1) were not recorded in the empirical 
studies i i ,  2, 3;.  The data V . ~ P  presefited a< relative frequencies for the five cloud 
categories. For this reason, in this study the sample size for all distributions was 
considered to be equal to 100 (the sum of the relative frequencies X 100). Statisticians 
consider a sample size of 100 to be sufficiently “large” to be representative of the 
population being sampled. Hence, valid statistical inferences and probability statements 
may be made. Lancaster [ 61 states that nonsignificant goodness-of-fit statistics at 
“moderate sample size” must be interpreted to  mean that at this sample size, it is 
possible without loss of information to regard the data as having been generated by 
sampling from the hypothetical distribution. 
The Kolmogorov-Smirnov (KS) test was used to determine the goodness of fit in 
this study for a number of reasons. This test is superior to the familiar chi-square (x2) 
test in several ways. When samples are of moderate size and adjacent categories must be 
combined before x2 may properly be computed, the x2 test is definitely less powerful 
than the KS test. In our cloud distributions we have a small number of class intervals, 
five in all cases. For the x2 test, when adjacent categories must be combined, we are 
sometimes faced with the impossible problem of zero or negative degrees of freedom for 
the test, which means simply that we have no test at all. Although not applicable here. 
for very small samples the x2 test is not appropriate at all but the Kolmogorov-Smimov 
test is. Siege1 [7] states that “the Kolmogorov-Smirnov test may in all cases be more 
powerful than its alternative, the x2 test.” 
Referring to Appendix A, let us consider Table A-2 as an example. This is the 
distribution of cloud cover for region 02 (southwestern United States) for the month of 
January, hour 4. There were 16 observations for cloud category 2 ( l / lO,  2/10 and 3/10 
cloud cover). This means that 16 times out  of 100 the observer recorded exactly 1/10 to 
3/10 cloud cover. The observed distribution function (F,) gives a probability of 0.540 of 
having cloud category 2 or  less in region 02  at hour 4 during the month of January, or a 
probability of (1  - 0.540 = 0.460) of having more than cloud category 2 (more than 
3 /  10 cloud cover). The beta distribution predicts 19.6 occurrences for category 2 and the 
probability [F(x)] is 0.488 of having cloud category 2 or less for this example, or a 
probability of (1 - 0.488 = 0.512) of having more than cloud category 2 (more than 
3/10 cloud cover). Comparing Fo with F(x) shows a maximum absolute difference in the 
distribution functions of 0.088 occurring at x = 1 . Since the Kolmogorov-Smimov 
statistic D, = 0.136, the value of 0.088 is not sufficiently large to reject the hypothesis 
at the 5-percent rejection level that this example may be considered to be a sample from 
a beta distribution population. 
Estimates q *  and - y *  of the beta distribution parameters q and -y are given in 
Tables A-1 through A-96 for cloud-cover regions that encompass the United States. A 
tabulation of these parameters, along with those for the remaining cloud-cover regions 
given in Table 2, is provided in Appendix B. 
7 
CONCLUSIONS 
It is a wellestablished fact in the science of mathematical statistics that there are 
many advantages in using a theoretical statistical model for predicting the behavior of 
random variables such as world cloud cover. Care must be taken in deciding which is a 
“best” model for the random variable being considered. If the physical constraints for the 
random variable are satisfied by a hypothetical distribution and after repeated sampling 
of the population of this random variable i t  is found that the hypothetical distribution 
cannot be rejected by an appropriate statistical test, then there is strong evidence that 
this hypothetical distribution is the underlying model for the random variable under 
investigation. 
The random variable we have described as world cloud cover requires a versatile 
statistical distribution that is bounded at both ends and is capable of assuming a wide 
variety of shapes. We have shown that the beta distribution possesses these characteristics. 
Representative samples from the very large mass of empirical data collected on world 
cloud cover were selected and several statistical models, including the beta and normal 
distributions, were tried as prospective models [ 8 ] .  A total of 160 representative 
empirical cloud-cover distributions were investigated and the results indicate that in all 
cases the beta distribution gave the “best” fit. Out of the 160 enipirical distributions, in 
only seven cases was the hypothetical beta model rejected at the 5-percent rejection level 
(95-percent confidence level) by the Kolmogorov-Smirnov goodness-of-fit test. This 
author believes that this study provides sufficient statistical evidence to accept the beta 
distribution as the underlying model for world cloud cover. 
RECOMMENDATIONS 
As noted in the previous section entitled Statistical Model, the observed 
cloud-cover data in this study and in the empirical studies [ 1, 2, 3, 41 are for a circle 
whose diameter is 55.60 km (30 mi), It is frequently desired to predict cloud cover 
within much larger areas. Greaves, Spiegler, and Willand [2]  suggest a method for doing 
this using the normal probability distribution. They state two reasons why this 
distribution was chosen. First, “It gives acceptable results,” and second, “It is well known 
and widely tabulated.’’ The normal distribution probably gives “acceptable results” 
because i t  is bell shaped. For a point or small area, the distribution of cloud cover is 
primarily U-shaped because of the average size of the “clouds” in relation to the 
observer. This is a bimodal distribution with the modes near zero and 100-percent cloud 
cover. As the area becomes larger, the distribution becomes unimodal and bell shaped 
because of the same reasoning, i.e., the average size of “clouds” relative to  an observer at 
a point. The mode is now somewhere near 50-percent cloud cover with the tails of the 
distribution approaching 0 percent and 100 percent. In short, the physics of the cloud 
cover variable determine the transition of a U-shaped distribution within a small area or 
point to a bellshaped distribution within a large area. It is recommended that the normal 
distrih~tinn not be used for “extrapolations” to  larger areas for two reasons. This 
investigation has shown that the underlying distribution of cloud cover is definitely not 
normal and, furthermore, the normal distribution is unbounded at  both ends, which 
violates the constraints of our random variable. 
We have shown in this study that the underlying distribution of cloud cover is the 
beta distribution. As mentioned previously, this distribution may assume a wide variety 
of shapes, including the bell shape. For the reasons mentioned, this author suggests that 
the beta distribution, rather than the normal, be used in any scheme that provides for 
calculating the probabilities for areas larger than the observed 55.60-km (30-mi) area. 
&vel E. Smith, chief of the Terrestrial Environment Branch, Aerospace 
Environment Division of the Aero-Astrodynamics Laboratory at the Marshall Space Flight 
Center, has suggested that the beta distribution might be utilized either to confirm or to 
modify the existing global cloud model that is based upon empirical statistics. The beta 
distribution parameters would be determined for all worldwide stations. As shown in the 
section, Statistical Model, .and in Figure 2 of this report, the magnitude of these two 
parameters determines the shape of the beta density function. Homogeneous cloud 
regions would subsequently be determined by classifying the beta parameters into 
nonsignificant (homogeneous) groups. This would be an interesting topic for future 
investigation. 
Another suggestion relating to the computation of time and spatial conditional 
probabilities for cloud cover involves the use of the multivariate beta distribution as an 
appropriate model. This would be an alternative theoretical approach to  the empirical 
methods presently used [ l ,  2, 3, 41 for predicting time and spatial cloud-cover 
relationships. 
9 

APPENDIX A 
BETA DISTRIBUTIONS FOR CLOUD-COVER REGIONS 02,04,08, 11, 18, AND 19 
GROUPED BY MONTH AND HOUR INCLUDING SATELLITE DATA'  
1 .  In this appendix, IFo - F(x)l marked with an asterisk (*) indicates rejection at the 
5-percent rejection level. In all distributions (Tables A-1 through A-96), D, = 0.136. 
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TABLE B-1. REGION 02 
Month 
January 
April 
July 
October 
Satellite 
9*  
1.458 
1.514 
3.246 
1.704 
1.155 
1.429 
3.124 
1.809 
7* 
1.044 1.263 1.632 1.235 
1.253 1.203 1.361 1.111 
1.350 6.213 2.351 5.952 
1.271 1.743 1.781 1.552 
1.317 
1.252 
1.490 
1.339 
1 Satellite 
Hour 4 I Hour 10 I Hour 16 
Hour 4 Hour I O  
Month 
January 
April 
.Itrly 
O L ~ t O I > C l  
rABLE B-2. REGION 03 
9* 
1.300 
1.413 
1.108 
1 . 17s 
Y* 9* Y *  77* 
1.618 
1.576 
1.969 
1.730 
1.194 1.475 1.270 
1.571 1.515 1.648 
0.994 2.969 1.030 
1.077 2.124 1.202 
TABLE B-3. REGION 04 
Hour 16 
r)* Y *  
1.193 1.635 
1.281 1.756 
1.966 5.389 
1.441 1.917 
1 
Y" 
9" Y *  
1.397 1.280 
1.426 1.365 
2.466 
2.817 
7.61 1 
3.000 
9* Y* 77* Y" 
0.824 0.788 0.928 1.225 
1.152 0.926 1.285 1.61 1 
1.230 
1.994 
1.658 
0.943 1.388 
r)* 
1 .SO3 
Hour 16 Ti 
1.523 
2.030 
I.f)19 
1.328 
3.5 23 
3.610 
8.270 
Month 
January 
April 
July 
October 
Satellite I Hour 4 I Hour 10 
1.382 I 1.587 1 1.947 1 1.810 I 1.989 1 3.620 
39 
TABLE B-4. REGTON 08 
v *  7 "  
1.065 1.493 
1.193 1.390 
2.135 1.288 
1.443 1.221 
Month 
January 
April 
October 
v *  7" v *  7 *  
0.512 1.088 0.636 1.826 
0.779 0.908 0.770 1.436 
2.117 1.091 2.257 1.270 
1.160 0.822 1.055 1.135 
I Satellite I Hour 4 I Hour 10 I Hour 16 I 
Month 
January 
April 
July 
October 
c 
Satellite Hour 4 Hour 10 
77* 3 *  v "  Y *  77* Y *  
1.578 1.467 3.299 1.4C32 1.955 2.058 
1.262 1.679 1.554 1.455 1.626 3.544 
1.078 2.042 1.155 2.375 1.254 6.161 
1.130 1.911 1.232 2.731 1.881 5.570 
&--L- 
TABLE B-5. REGION 1 1  
7?* 
2.107 
1.543 
1.970 
1.669 
TABLE B-6. REGION 16 
Y *  
2.702 
3.760 
10.778 
8.764 
TABLE B-7. REGION 18 
Month 
January 
April 
July 
October 
Satellite Hour 4 Hour IO Hour I6 
77* Y* 17* 7* 9* Y* 77* Y* 
1.139 1.262 0.526 0.777 0.536 1.016 0.634 1.050 
1.326 1.207 0.675 0.815 0.764 1.055 0.893 1.004 
2.493 1.274 0.608 0.791 1.539 0.915 2.615 1.092 
1.599 1.141 0.657 0.657 0.825 0.856 1.287 0.905 
TABLE B-8. REGION 19 
Satellite 
Month 
Hour 4 our 16 I 
Satellite 
1.046 1.351 
1.189 1.355 
1.462 1.494 7 I ,400 I ,343 
Month 
January 
April 
July 
October 
Hour 4 
17* Y* 77* Y* 77* Y* 1)* T *  
1.078 2.042 1.155 2.375 1.254 6.161 1.970 10.778 
1.136 1.91 1 1.232 2.730 1.881 8.570 1.669 8.764 
1.803 1.193 3.299 1.402 1.677 1.214 1.545 1.144 
1.262 1.679 1.554 1.455 1.626 3.544 1.543 3.760 
77* 
0.464 
0.563 
1.303 
0.9 07 
Y* 
0.774 
0.83 1 
1 . I43 
0.74'1 
Hour 10 1 Hour 16 
77* 
0.495 
0.606 
1.436 
( J . 0  I4 
1.185 0.603 
1.215 0.761 
1 .09% 1 .780 tO.')%.t I .'4% Y *  1.271 1.343 2.838 I .'?f)4 - 
TABLE B-9. REGION 25 
1 Hour 10 I H 
I I I 
41 
TABLE B-10. REGION 28 
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